Abstract. Let Z be an algebraic homogeneous space Z = G/H attached to real reductive Lie group G. We assume that Z is real spherical, i.e., minimal parabolic subgroups have open orbits on Z. For such spaces we investigate their large scale geometry and provide a polar decomposition. This is obtained from the existence of simple compactifications of Z which is established in this paper.
Introduction
Our concern is the large scale geometry of algebraic homogeneous spaces Z = G/H attached to an algebraic real reductive group G. Here H < G is an algebraic subgroup.
One approach towards the large scale geometry of Z is to study the double-coset space K\G/H for K < G a maximal compact subgroup. In interesting cases, for example if H is a symmetric subgroup which is compatible with the choice of K, i.e., H ∩ K is maximal compact in H, then there is a good answer in terms of the generalized Cartan decomposition for Z = G/H: there is a non-compact torus A q with Lie algebra orthogonal to h + k such that G = KA q H. Here h and k denote the Lie algebras of H and K.
The class of homogeneous spaces Z we consider in this paper are those which are called real spherical, i.e., minimal parabolic subgroups of P admit open orbits. Symmetric spaces are real spherical and basic properties of symmetric spaces have been shown to persist in the larger class of real spherical spaces (see [1] , [13] , [14] , [11] , [12] ).
The objective of this paper is to study the large scale geometry of real spherical spaces. In the past we looked at many non-symmetric examples and constructed non-compact tori a such that G = KAH holds true, but could not find a general construction scheme, see [12] , [5] . In contrast to symmetric spaces the tori a are typically not orthogonal to k + h which makes matters rather complicated.
In order to discuss the large scale geometry of spherical spaces it thus seems reasonable to weaken the concept of the polar decomposition G = KAH and replace K by a compact subset Ω ⊂ G. This approach is motivated by the investigations in [15] for a class of p-adic spherical spaces.
By definition a minimal parabolic subgroup P < G is given by P = G ∩ P C where P C < G C is a minimal parabolic of G C which is defined over R. Here G C denotes the complexification of G which is a complex reductive algebraic group.
One main geometric result of this paper then is: Theorem 1.1. [Polar Decomposition] Let Z = G/H be a real spherical space attached to an algebraic real reductive group. Let P be a minimal parabolic subgroup of G such that P H is open. Then there is a Levi decomposition P = MA ⋉ N such that G = ΩAF H for a compact set Ω ⊂ G and a finite set F ⊂ G.
The main new tool for deriving the polar decomposition is the existence of a simple compactification, that is, a compactification with a unique closed orbit: Theorem 1.2. Let Z = G/H be a real spherical space and assume that H is equal to its normalizer, H = N G (H). Let the subgroup J < G be defined by
Then there exists a compact subgroup M J of J such that M = M J H. In particular, J/H is compact.
Furthermore, there exists an irreducible rational real representation V of G with J-fixed vector v J such that
is an embedding, and such that the closure of Z J in P(V ) is a Gcompactification of Z J with a unique closed G-orbit.
Finally, following Sakellaridis and Venkatesh [15] we define a class of real spherical spaces which satisfy the wavefront lemma of EskinMcMullen [6] .
2. Real spherical spaces 2.1. Notation on real spherical spaces. We will denote Lie groups by upper case Latin letters, e.g A, B etc., and their Lie algebras by lower case German letters, e.g. a, b etc.
Let G be an algebraic real reductive group by which we understand an open subgroup of the real points of a connected complex reductive algebraic group G C . Further we let H < G be a closed subgroup such that there is a complex algebraic subgroup H C < G C such that G ∩ H C = H. Under these assumptions we refer to Z = G/H as a real algebraic homogeneous space. We set Z C = G C /H C and note that there is a natural G-equivariant embedding
Let us denote by z 0 = H the standard base point of Z. We denote by C[G C ] the ring of regular functions on G C .
Denote by P the variety of all minimal parabolics. Then P ≃ G/P for any given P ∈ P. In this paper we will assume that Z is real spherical, i.e., some, and hence all, P ∈ P admit an open orbit on Z.
2.2.
Embeddings. It follows from a theorem of Chevalley that every real algebraic homogeneous space Z = G/H admits a G-equivariant embedding into the projective space of a rational G-module V , i.e., there is a vector 0 = v H ∈ V such that H is the stabilizer of the line [v H ] ∈ P(V ). Then the map (2.1)
is a G-equivariant embedding. It can sometimes be useful to reduce matters to the quasi-affine situation of an embedding into V . This is achieved by the following standard trick. We let V and the embedding (2.1) be as above and define the character χ :
Then Z 1 = G 1 /H 1 is a real spherical space which embeds into V .
2.3.
The local structure theorem. Let P ∈ P be such that
If l is a real reductive Lie algebra then we denote by l n , reps. l c the union of the non-compact, resp. compact, simple ideals of l. Note that
is a direct sum of reductive Lie algebras.
According to the local structure theorem of [11, Thm. 2.2] there exists a parabolic subgroup Q ⊃ P with Levi decomposition Q = LU such that:
Hence on the level of Lie algebras we have
We let
be the decomposition into compact and non-compact part, i.e., z(l) cp is the Lie algebra of the maximal compact subgroup of the abelian Lie group Z(L) and z(l) np is its orthocomplement. Let d := z(l) + l c . As there are no algebraic homomorphism of a noncompact torus into a compact group we obtain that every algebraic
As h is algebraic we thus get
with a h ⊂ z(l) np the image of h ∩ l under the orthogonal projection l → z(l) np and likewise for m h < z(l) cp + l c . Let a Z ⊂ z(l) np be the orthogonal complement of a h and m Z the orthogonal complement to m h in l c + z(l) c . Accordingly the following direct sum holds
2.4.
The open P -orbits in Z = G/H. Let P ∈ P be such that P H is open in G and let Q ⊃ P be as in the local structure theorem. Our goal in this subsection is to describe all open P -orbits on Z = G/H. Recall that the local structure theorem asserts that P H = QH and that there is an algebraic diffeomorphism
As L is reductive we can and will assume that D < L. Note that the Lie algebra d = z(l) + l c is compact and contained in a + m (recall that a Lie algebra is called compact if it is isomorphic to the Lie algebra of a compact Lie group).
Lemma 2.1. P C · z 0 ∩ Z is the union of the open P -orbits in Z.
Proof. We first note that P C · z 0 is Zariski open, hence dense and thus the unique open P C -orbit in Z C . Let now g ∈ G and z = g · z 0 ∈ Z. Then Ad(g) −1 p + h = g if and only if Ad(g) −1 p C + h C = g C , and hence P · z is open in Z if and only if P C · z is open in Z C . The lemma follows immediately.
The local structure theorem was obtained through the use of a Psemi-invariant regular function f on G (see also Section 3.4 where we review this in more detail). If we view f as a regular function on G C we obtain the complex version of the local structure theorem: with Q C the Zariski closure of Q and U C := exp(u C ) we obtain a parametrization of the open
The slice S C is described as follows:
Note that the number of open P -orbits in Z is finite. In view of (2.6) we have (P C · z 0 )(R) = U × S C (R). Hence all open P -orbits are given by (2.7) P t 1 · z 0 , . . . , P t m · z 0 where t j ∈ exp(id) (see also (2.10)). It is no loss of generality to assume that t 1 = 1. In particular we find e j ∈ G and h j ∈ H C such that t j = e j h j . Set (2.8) F := {e 1 , . . . , e m } and note that
2.5. Explicit structure of the slice S. As D is an algebraic group we have
Simple compactifications
In the sequel we use the term G-space for a topological space endowed with a continuous G-action.
By a compactification of Z = G/H we understand a compact G-space Z such that
• Z ⊃ Z as G-space.
• Z is open dense in Z. Compactifications of real spherical spaces exist: Recall from (2.1) the G-equivariant embedding in P(V ).
According to [11] the closure Z of Z in P(V ) has a finite orbit decomposition. However, the orbit structure of such an embedding can be quite complicated, in particular it can happen that there are closed G-orbits of different orbit type.
]. The closure of Z in P(V ) consists of Z and two closed orbits: The Gfixed point [(0, 1)] and the orbit P(
The goal of this section is to construct more suitable compactifications with a simple structure of the closed orbits.
Recall the parabolic Q = LU ⊃ P which we attached to Z. In the sequel it is convenient to choose a Cartan involution θ on G such that L is θ-stable. The opposite parabolic to Q is then defined by
If V is a finite dimensional real G-module, then we denote by V * its dual. We choose an inner product ·, · on V which is θ-covariant, that is g · v, w = v, θ(g) −1 · w holds for all g ∈ G, and v, w ∈ V . We consider the linear identification
and observe that the dual representation V * can be realized on V but with the twisted G-action g * v := θ(g) · v. In particular we see that the ray R + v ⊂ V is stabilized by Q if and only if
We call a compactification Z simple provided that there exists only one closed G-orbit Y ⊂ Z and Y ≃ G/Q as G-space.
Simple compactifications arise in the following context. Lemma 3.2. Let V be an irreducible finite dimensional real rational G-representation with the following properties:
(1) There is a non-zero vector v H ∈ V such that the stabilizer of the line Rv H is H. (2) There is a non-zero vector v ∈ V for which the stabilizer of the ray R + v is Q.
Proof. The orbit Y is isomorphic to G/Q by assumption. Since Q is a parabolic subgroup, Y is compact and therefore closed in P(V ). The action of G on P(V ) is algebraic, hence all orbits are locally closed.
In particular, G · [v H ] must contain a closed orbit. Thus it suffices to show that Y is the only closed G-orbit of P(V ). This is a standard fact whose proof, for the convenience to the reader, we briefly recall: Let G · [u] be a closed orbit and decompose u in weight spaces for a.
Since V is irreducible we may assume u has a non-trivial component in the lowest weight space [v] . A sequence a n of elements converging to infinity in the positive Weyl chamber A + will now exhibit [v] as the limit of a n · [u].
3.1. The structure of P C H C . Let P be a minimal parabolic subgroup such that P H is open in G. Then P C H C is open in G C and we have: Lemma 3.3. Let H C,0 be the identity component of H C . Then
Proof. This follows from the fact that P C H C,0 is Zariski open in G C and the fact that G C is irreducible.
We denote by P + the multiplicative monoid of regular functions on G C which have no zero in P C H C . Every f ∈ P + is of the form
with algebraic characters χ : P C → C * and ψ : H C,0 → C * . This follows from Rosenlicht's theorem, see [10] p. 78.
Lemma 3.4. The Zariski closed subset G C − P C H C in G C is affine and the zero locus of a regular function on G C .
Proof. Recall that a complex homogeneous space D C /C C of a reductive group D C by a reductive subgroup C C is affine. Hence the local structure theorem (2.6) implies that P C · z 0 ⊂ Z C is affine. It follows that the complement of P C · z 0 is of pure codimension one in Z C and likewise for P C H C ⊂ G C (see [7] , Prop. 1).
It remains to show that the divisor D := G C −P C H C is the zero locus of a regular function. This is a consequence of the fact that the Picard group of G C is finite (cf. [10] , Prop. 4.5).
Definition 3.5. We denote by P ++ the set of regular functions f on G C for which
Lemma 3.6. P ++ is not empty.
Proof. We obtain from Lemma 3.4 a function f ∈ C[G C ] with f (z) = 0 if and only if z / ∈ P C H C . For elements in P C H C = P C H C,0 the identity (3.1) holds. Let g →ḡ denote the complex conjugation of G C with respect to G. Then the function F (z) = f (z)f (z) satisfies (1) and (3) . Finally the M-average
with normalized Haar measure dm on the compact group M, yields a function for which all three conditions are valid.
3.2.
The left and right stabilizers of P C H C . In this subsection our concern is with the left and right stabilizers of the double coset P C H C in G C . We denote by L and R the left and right regular representations of
We begin with the discussion of the left stabilizer.
Lemma 3.7. Let H < G be a spherical subgroup and let P and Q be as above. Then
Furthermore, for f ∈ P ++ one has:
Proof. In [11] , proof of Theorem 2.2, the parabolic subgroup Q is obtained in an iterative procedure, by which a strictly decreasing sequence of real parabolic subgroups
The parabolic subgroup Q obtained in the final step is unique, and in particular independent of the initial subgroup Q 0 . Following the proof in [11] it can be seen that in each step of the iteration, the set (Q j+1 ) C H C is a proper subset of the previous set (Q j ) C H C . In the first step of the iteration, as described in [11] , this amounts to the fact that the function F constructed there must satisfy F (g) = 0 for some g ∈ (G n ) C , since it is a matrix coefficient for a non-trivial irreducible representation of this semisimple group. We apply this procedure with Q 0 := Q 0,C ∩ G where
Note that Q 0,C is a parabolic subgroup of G C which is defined over R, and hence Q 0 is a real parabolic subgroup with (Q 0 ) C = Q 0,C . It follows from QH = P H that Q ⊆ Q 0 . If Q is strictly smaller than Q 0 the discussion above implies that Q C H C is strictly smaller than Q 0,C H C , which contradicts the definition of Q 0,C . Hence Q = Q 0 and (3.2) is valid.
Finally let f ∈ P ++ and note that
by (3.1) and Definition 3.5. Hence (3.3) also follows.
Remark 3.8. The corresponding real version of (3.2), in which P C H C is replaced by P H, is not true in general. For instance if H = K is a maximal compact subgroup of G, then P H = G and the left stabilizer in G of P H is G whereas P = Q in this case.
We move on to the discussion of the right stabilizer of P C H C which we write as J := J C ∩ G where
Furthermore, for f ∈ P ++ we set
Note that both J and H × f are closed algebraic subgroups of G Lemma 3.9. One has
In particular, H × f , N G (H), and J are spherical subgroups. Proof. The inclusions in (3.6) follow from (3.1) and from Condition (3) of Definition 3.5, respectively.
The normalizer of H acts on the set of open H C -orbits in P C \G C . Since there is only one, (3.7) follows.
For a topological group G we denote by G 0 its identity component. (a) For f ∈ P ++ one has
Proof. (a) The inclusion ⊆ is obvious from (3.6). The function f is non-zero, hence invertible on P C H C ⊃ J C . Any invertible function is an eigenfunction for a connected group (see e.g [10] Prop. 1.3). Hence Let g 1 , . . . , g k ∈ J be elements such that J = J 0 g j , with a disjoint union. Let f ∈ P ++ . Then F := k j=1 R(g j )f lies in P ++ and has the desired property. Lemma 3.11. We have
Proof. By Lemma 3.10 it suffices to show for f ∈ P ++ that
be the canonical map. Let Q f ⊇ P the unique Z f -adapted parabolic above P . It follows from the construction of the adapted parabolics (which we just summarized in the proof of Lemma 3.7) that Q = Q f . Now we apply the local structure theorem to Z and Z f . Let S ⊆ Z and S f ⊆ Z f be slices. Since they are constructed from the same f , we have S = φ −1 (S f ). Since S is homogeneous for D, this implies the assertion
Recall the notion of real rank of Z from [11] which is an invariant of the real spherical space Z and given by rank R Z = dim a Z .
Note that in case Z is quasi-affine, then the complement of the open P C -orbit in Z C is the zero locus of some P -semiinvariant regular function on Z. Its pull-back f to G is therefore in P ++ with trivial right character ψ. We denote by P ++,1 the subset of P ++ which corresponds to ψ = 1 on H C,0 , and set for this case
Then H C,0 ∩ G ⊂ I and (3.9)
We obtain a refinement of Lemma 3.11 as follows.
Proposition 3.12. Suppose that Z is quasi-affine. Then the following assertions hold:
Proof. By comparing P -semiinvariants of G/H on the slice, the local structure theorem implies that rank R G/H is also the rank of the lattice spanned by P ++,1 . Since by definition these are the semiinvariants of G/I, this shows the first assertion. Moreover, the equality of ranks shows that the map between the slices of G/H 0 and G/I 0 has compact fibers. This implies the second assertion. The last assertion follows from the fact that h × f ⊆ h f + a Z for all f ∈ P ++,1 . If G is a real algebraic group, then we denote by G n the normal subgroup generated by all unipotent elements. Note that G n is connected, and that if G = L ⋉ R u is an arbitrary Levi decomposition, then G n = L n ⋉R u , where L n is as defined in Section 2.3. In particular, G/G n has compact Lie algebra.
In the sequel we view the elements of C[Z C ] as right H C -invariant regular functions on G C .
Proof. Let B C ⊂ P C be a Borel subgroup. To prove the lemma it is sufficient to show that every left B C -eigenspace in C[Z C ] is fixed by J n,C under the right regular action. Let f be such an eigenfunction. Suppose first that f is in fact a P C -eigenfunction, i.e., f ∈ P + is attached to a pair of characters (χ, ψ) on P C H C = P C H C,0 . As in the proof of Lemma 3.10(a) we obtain that R(n)f is a multiple of f for all n ∈ (J C ) 0 .
In general a B C -eigenfunction does not need to be a P C -eigenfunction. To overcome this difficulty we use the method of M-averages of [11] :
Let C[G] denote the ring of regular functions on G, i.e., the restrictions to G of functions in C[G C ]. As in the proof of Lemma 3.6 we obtain a quadratic map
If f is a left B C -eigenfunction, thenf is a left P C -eigenfunction and by what we just established we conclude that
Further observe the equivariance property
Fix n ∈ J n,C . Then we get for all h ∈ H that (3.10) (R(h)(R(n)f )) =f .
Let u(t), t ∈ R, be a unipotent one parameter subgroup of J n . Note that V := span{R(u(t))f | t ∈ R} is a finite dimensional subspace. We find a basis F 0 , . . . , F N of V with F 0 = f such that
If f is not fixed by u(t), then we arrive at a non-trivial polynomial dependence when comparing sides in (3.10) . This proves the lemma. Corollary 3.14. H n = J n .
Proof. We may assume that Z is quasiaffine. First it is clear that H n ⊆ J n . To obtain the converse, let us denote by Aut(Z C ) the group of birational automorphisms of Z C and by Aut G C (Z C ) the subgroup of G C -equivariant ones therein. Note that N G C (H C ) naturally identifies with Aut G C (Z C ). The group Aut(Z C ) is isomorphic to the automorphism group of the function field C(Z C ). The fact that Z and hence Z C are quasiaffine implies that C(Z C ) is the quotient field of C[Z C ]. According to Lemma 3.13 the group J n,C preserves C[Z C ] and hence
Cor. 4.3), the corollary follows.
3.3. The existence of simple compactifications. We are now ready to prove the second assertion of Theorem 1.2. By Lemma 3.10 there exists f ∈ P ++ such that H × f = J. Theorem 3.16. Let Z = G/H be a real spherical space. Let f ∈ P ++ such that H × f = J and let V f := span R {R(g)f | g ∈ G} be the real representation of G generated by f . Then (3.12)
is a G-equivariant embedding. The closure Z f of the image provides a simple compactification of Z J .
Proof. As J = H × f , the map (3.12) determines a G-equivariant embedding from Z J into P(V f ). Note that V f is irreducible and that f can be written as a matrix coefficient, that is ( Proof. In [11] , Section 3 and in particular Th. 3.11, we derived a local structure theorem for real algebraic varieties which applies to Z. The construction was explicit and based on finite dimensional representation theory. We use the finite dimensional representation V := V f with H-semi-spherical vector f := v H . Further we pick the Q-eigenvector v * 0 in the dual of V * of V . With the data (V, v H , v * 0 ) we begin the construction of the local slices as in [11] , Section 3. One obtains an affine open set Z 0 ⊂ Z by
and a Q-equivariant moment type map
A Levi decomposition Q = LU that leads to (2.5) is then obtained with L being the stabilizer in of µ(z 0 ) = µ([v H ]) ∈ g * in the coadjoint representation of Q, and with S := µ −1 {µ(z 0 )} ∩ P · z 0 . It follows from (2.5) that S = L·z 0 , and (1) is established except for the final inclusion.
With these choices we let Q be the parabolic subgroup opposite to Q. Let z = [v 0 ] for the (up to scalar) unique Q-eigenvector v 0 ∈ V . Note that v * 0 (v 0 ) = 0 and thus z ∈ Z 0 . The slice S Y is defined by µ −1 {µ( z)}. In particular, since z is fixed by L, the stabilizer in Q of µ( z) ∈ g * is a Levi subgroup that contains and hence equals L. Note that we do not need any iterations of the construction as in [11] as Q is already the Z-adapted parabolic. The assertions in (2) and (3) now follow from [11] , Th. 3.10 and 3.11.
It follows from (2) that there exists unique elements u ∈ U and s ∈ S Y such that z 0 = u · s. Then µ(z 0 ) = Ad * (u)µ(s) = Ad * (u)µ( z) and hence µ(z 0 ) is stabilized by uLu −1 . Hence L = uLu −1 and since U acts freely on the set of Levi subgroups in Q we conclude u = 1. Then z 0 = s ∈ S Y and the final inclusion of (1) follows.
The first assertion in (4) follows from the fact that f ∈ P ++ . Indeed the construction in [11] yields that Z 0 ∩ Z coincides with the nonvanishing locus of f , i.e., the union of all open P -orbits in Z (see Lemma 2.1). Because of (2)- (3), the second assertion of (4) is an immediate consequence of the first.
For (5) we remark first that z belongs to S Y and is Q-fixed, in particular D-fixed. It remains to show there are no other elements from
As G = UW A Q for the Weyl group W A attached to A, we we may assume that g = uw for some w ∈ W A and u ∈ U. If also y ∈ S Y , then v * 0 (g · v 0 ) = 0. Hence we may assume w = 1 as v *
Assume u = 1 and set u = exp(Y ) for Y ∈ u. Now y ∈ S Y implies µ( y) = µ( z) and so (3.14)
for all X ∈ g by (3.13). For X ∈ u the left hand side of (3.14) vanishes, whereas the other side is
Let p : g → z(l) be the projection along u + u + [l, l] and observe that
* is the a-weight of v 0 . Hence λ(p(e − ad Y X)) = 0. Write Y = Y α as a sum of a-weight vectors and let β be the smallest root for which Y β = 0. Then for X = θ(Y β ) we obtain
AsQ is the stabilizer of [v 0 ], the weight λ is non-zero on [Y β , θ(Y β )] for every root β of u. We reached a contradiction, hence u = 1 and (5) holds.
Later in the text we will use Proposition 3.17 in a slightly disguised form which we explicate in the following corollary.
As in (2.7) let t 1 , . . . , t m ∈ T Z parametrize the open P -orbits on Z and let S Z,j be the closure of S (
Proof. Since z 0 ∈ S Y we find S Z,1 ⊂ S Y . By Proposition 3.17 there exist for each j unique elements u j ∈ U and s j ∈ S Y such that 
Polar decomposition
We recall that for a minimal parabolic subgroup P with P H open, we chose a specific Cartan involution θ of G, which was adapted to the geometry of P H. The corresponding Langlands decomposition of P is denoted P = MAN, and the corresponding maximal compact subgroup of G is denoted by K. Then M ⊂ K. Recall the finite set F from (2.8) and its property (2.9). Lemma 4.1. Suppose that Z = G/H is a homogeneous real spherical space and P a minimal parabolic subgroup of G such that P H is open. Then there exists a finite sets F ′ , F ′′ ⊂ G such that
Moreover P gH is open for all g ∈ F ′′ , and in case
It follows from [11] Cor. 4.4 that N G (N G (h)) = N G (h) and hence we can apply Theorem 3.15 to the spherical subgroup N G (h). In this context observe also that P gH is open for all g ∈ MAF N G (h). By that we can then reduce all statements to the case where H = J, which we assume henceforth. We let Z = Z f be a simple compactification as constructed before. Let Y ⊂ Z be the the unique closed boundary orbit. We use Proposition 3.17 and its Corollary 3.18 to obtain a P -stable affine open set Z 0 = US Z ⊂ Z with the properties (1)-(3) listed in Corollary 3.18.
Consider the map Proof. This is easily seen if z is a smooth point of the affine variety S Z . Indeed, as the projection k → u ≃ g/q is surjective, we see that the differential dΦ is surjective at (1, z). We now consider the general case. As in [3] , Sect. 1.2, the slice is induced from a linear slice in the surrounding projective space
0 is affine open. In analogy to Prop. 1.2 in [3] we have that
is a diffeomorphism. The slice S Z is obtained from the intersection of Z with
has invertible differential at (1, v 0 ) ↔ z. In particular we can conclude that Φ is an open map near z.
We can now complete the proof of Lemma 4.
We may assume that D c ⊂ K and thus replace S Z by S Z /D c which is a finite union of A Z -orbits (the real points of a toric variety). These finitely many A Z -orbits we realize in S Z as the set S 
We find for every element z ∈ Z an element g z ∈ G such that g
As Z is compact, we conclude that finitely many g z , say g 1 , . . . , g N suffice so that N j=1 g j KS Z,3 = Z. We obtain with (4.1) the assertion of the lemma.
We reformulate Lemma 4.1 in a more compact form and obtain: Theorem 4.3. (Polar decomposition) Suppose that Z = G/H is a homogeneous real spherical space and P be a minimal parabolic subgroup of G such that P H is open. Then there exists a compact subset Ω ⊂ G and a finite set F ′′ ⊂ G such that
Moreover P gH is open for all g ∈ F ′′ .
In particular, Theorem 1.1 follows.
5. Wave front spherical spaces 5.1. The fine convex geometry near z ∈ Z. Assume for the moment that Z admits a simple compactification Z = Z π attached to an irreducible H-spherical representation (π, V ) as before. This is for instance always satisfied if H = J. Let z ∈ Z the unique Q-fixed point in the boundary.
In the following definition we view A Z not as a subgroup of A but as quotient A Z = A/(A ∩ H). Likewise we do that on the Lie algebra level: a Z = a/(a ∩ h). With that we obtain a generalization of the "wavefront lemma" of Eskin-McMullen ([6] Theorem 3.1).
Lemma 5.6. Suppose that Z = G/H is a wavefront real spherical space such that H = N G (H). Then there exists a closed subset E ⊂ G with the following properties.
(1) E → G/H is surjective.
(2) For every neighborhood V of 1 in G, there exists a neighborhood U of 1 in G such that
for all g ∈ E.
Proof. Put E = ΩA − F ′′ . Then (1) follows from (5.2) and Corollary 5.3.
The proof of (2) is similar to [12] , Lemma 5.4. For the convenience to the reader we recall the argument.
For a compact set Ω ⊂ G we note that the set x∈Ω Ad(x −1 )V is a neighborhood of 1 in G. Then the assertion is reduced to the case where g ∈ A − F ′′ . Let U 1 be a neighborhood of 1 in P which is contained in V and which is stable under conjugation by elements from A − . As P f H is open for all f ∈ F ′′ , we see that f −1 U 1 f · z 0 is a neighborhood of z 0 for each f ∈ F ′′ . We choose U so small that
holds for all f ∈ F ′′ . Then for g = af with a ∈ A − we obtain af U · z 0 ⊂ aU 1 f · z 0 ⊂ U 1 af · z 0 ⊂ Vaf · z 0 .
